The geometry of nonholonomic bundle gerbes, provided with nonlinear connection structure, and nonholonomic gerbe modules is elaborated as the theory of Clifford modules on nonholonomic manifolds which positively fail to be spin. We explore an approach to such nonholonomic Dirac operators and derive the related Atiyah-Singer index formulas. There are considered certain applications in modern gravity and geometric mechanics of Clifford-Lagrange/ Finsler gerbes and their realizations as nonholonomic Clifford and Riemann-Cartan modules.
Introduction
In this paper, we elaborate an approach to the Atiyah-Singer index formulas for manifolds and bundle spaces provided with nonlinear connection (in brief, N-connection) structure. We follow the methods developed for bundle gerbes [1] and bundle gerbe modules [2] and related results from [3, 4] . It should be noted that bundles and gerbes and their higher generalizations (n-gerbes) can be described both in two equivalent forms: in local geometry, with local functions and forms, and in non-local geometry, by using holonomies and parallel transports, [5, 6, 7] , see review [8] .
The nonholonomic structure of a so-called N-anholonomic space (see, for instance, [9] and [10] ) is stated by a non-integrable, i.e. nonholonomic (equivalently, anholonomic), distribution defining a N-connection structure 1 . Nonholonomic geometric configurations are naturally derived in modern gravity and string theories by using generic off-diagonal metrics, generalized connections and nonholonomic frame structures [11, 12] . The approach can be elaborated in general form by unifying the concepts of Riemann-Cartan and Finsler-Lagrange spaces [13] and their generalizations on gerbes. It is also related to modelling gravitational field interactions and the Lagrange and/or Hamilton mechanics and further developments to quantum deformations [14, 10] , noncommutative geometry and gravity with N-anholonomic structures [15, 16, 17] , supermanifolds provided with Nconnection structure [18, 19, 20] , as well to nonholonomic Lie and Clifford algebroids and their applications in constructing new classes of exact solutions [21] .
The general nonholonomic manifolds fail to be spin and there are substantial difficulties in definition of curvature which can be revised and solved in the theory of nonholonomic gerbes. Some of such constructions are relevant to anomalies in quantum field theory [22] when the obstruction to existence of spin structure is regarded as an anomaly in the global definition of spinor fields. The typical solution of this problem is to introduce some additional fields which also have an anomaly in their global definition but choose a such configuration when both anomalies cancel each another.
The failure in existence of usual spin structure is differently treated for the nonholonomic manifolds. At least for the N-anholonomic spaces, it is possible to define the curvature, which is not a trivial construction for general nonholonomic manifolds, and the so-called N-adapted (nonholonomic) Clifford structures with nontrivial N-connection. This problem was firstly solved for the Finsler-Lagrange spaces [23] and their higher order generalizations [24] but it can be also generalized to noncommutative geometry and gravity models with nontrivial nonholonomic structures and Lie-Clifford algebroid symmetries, see reviews and recent results in Refs. [25, 26, 15] .
This work is devoted to the index theorems for nonholonomic gerbes and bundle gerbe modules adapted to the N-connection structure. The key idea is to consider the so-called N-anholonomic spin gerbe defined for any Nanholonomic manifold (such a nonholonomic gerbe is a usual spin gerbe for a vanishing N-connection structures and becomes trivial if the basic manifold is spin). We shall construct "twisted" Dirac d-operators 2 and investigate their properties for Clifford N-anholonomic modules. Then, we shall define the Chern character of such of such modules and show that the usual index formula holds for such a definition but being related to the N-anholonomic structure. The final aim, the proof of index theorems for various types of N-anholonomic spaces, follows from matching up the geometric formalism of Clifford modules and nonhlonomic frames with associated N-connections.
The structure of the paper is as follows: Section 2 contains an introduction to the geometry of N-anholonomic manifolds. There are given two equivalent definitions of N-connections, considered basic geometric objects characterizing them and defined and computed in abstract form the torsions and curvatures of N-anholonomic manifolds.
Section 3 is devoted to a study of two explicit examples of N-anholonomic manifolds: the Lagrange-Finsler spaces and Riemann-Cartan manifolds provided with N-connection structures. There are proved two main results: Result 3.1: any regular Lagrange mechanics theory, or Finsler geometry, can be canonically modelled as a N-anholonomic Riemann-Cartan manifold with the basic geometric structures (the N-connection, metric and linear connection) being defined by the fundamental Lagrange, or Finsler, function; Result 3.2: There are N-anholonomic Einstein-Cartan (in particular cases, Einstein) spaces parametrized by nontrivial N-connection structure, nonholonomic frames and, in general, non-Riemann connections defined as generic off-diagonal solutions in modern gravity.
In section 4, there are considered the lifting of N-anholonomic bundle gerbes and definition of connection and curvatures on such spaces. We define the (twisted-anholonomic) Chern characters for bundle gerbes and modules induced by N-connections and distinguished metric and linear connection strucutres. We conclude with two important results/ applications of the theory of nonholonomic gerbes: Result 4.1: Any regular Lagrange (Finsler) configuration is topologically characterized by its Chern character computed by using canonical connections defined by the Lagrangian (fundamental Finsler function). Result 4.2: the geometric constructions for a N-anholonomic Riemann-Cartan manifold (including exact solutions in gravity) can be globalized to N-anholonomic gerbe configurations and characterized by the corresponding Chern character.
Section 5 presents the main result of this paper: The twisted index formula for N-anholonomic Dirac operators and related gerbe construc-tions are stated by Theorem 5.2). We introduce Clifford d-algebras on N-anholonomic bundles and define twisted nonholonomic Dirac operators on Clifford gerbes. We conclude that there are certain fundamental topological characteristics derived from a regular fundamental Lagrange, or Finsler, function and that such indices classify new classes of exact solutions in gravity globalized on gravitational gerbe configurations.
The Appendix contains a set of component formulas for N-connections, metric and linear connection structures and related torsions and curvatures on N-anholonomic manifolds. They may considered for some local proofs of results in the main part of the paper, as well for some applications in modern physics.
N-Anholonomic Manifolds
We formulate a coordinate free introduction into the geometry of nonholonomic manifolds. The reader may consult details in Refs. [11, 12, 13, 10] . Here we note that there is a comprehensive study of nonholonomic and (for integrable structure) of fibred structures in Ref. [27, 28] following the so-called Schouten -Van Kampen [29] and Vrǎnceanu connections [30, 31, 32, 33] . Different directions in the geometry of nonholonomic manifolds were developed for different geometric structures [34, 35, 36] , in the geometry of Finsler and Lagrange spaces [37, 38, 39] with applications to mechanics and modern geometry [40, 41] . Even from formal point of view all geometric structures on nonholonomic bundle spaces were rigorously investigated by the R. Miron's school in Romania, various purposes and applications in modern physics requested a different class of nonholonomic manifolds with supersymmetric, noncommutative, Lie algebroid, gerbe etc generalizations [42] . In our approaches, we use such linear and nonlinear connection structure which can be derived naturally as exact solutions in modern gravity theories and from certain Lagrangians/ Hamiltonians in the case of geometric mechanics. Some important component/coordinate formulas are given in the Appendix.
Nonlinear connection structures
Let V be a smooth manifold of dimension (n + m) with a local fibred structure. Two important particular cases are those of a vector bundle, when we shall write V = E (with E being the total space of a vector bundle π : E → M with the base space M ) and of a tangent bundle when we shall consider V = TM. The differential of a map π : V → M defined by fiber preserving morphisms of the tangent bundles T V and T M is denoted by π ⊤ : T V → T M. The kernel of π ⊤ defines the vertical subspace vV with a related inclusion mapping i : vV → T V.
Definition 2.1 A nonlinear connection (N-connection) N on a manifold V is defined by the splitting on the left of an exact sequence
i. e. by a morphism of submanifolds N : T V → vV such that N • i is the unity in vV.
The exact sequence (1) states a nonintegrable (nonholonomic, equivalently, anholonomic) distribution on V, i.e. this manifold is nonholonomic. We can say that a N-connection is defined by a global splitting into conventional horizontal (h) subspace, (hV) , and vertical (v) subspace, (vV) , corresponding to the Whitney sum
where hV is isomorphic to M. We put the label N to the symbol ⊕ in order to emphasize that such a splitting is associated to a N-connection structure.
In this paper, we shall omit local coordinate considerations. For convenience, in Appendix, we give some important local formulas (see, for instance, the local representation for a N-connection (A.1)) for the basic geometric objects and formulas on spaces provided with N-connection structure. Here, we note that the concept of N-connection came from E. Cartan's works on Finsler geometry [43] (see a detailed historical study in Refs. [44, 10, 15] and alternative approaches developed by using the Ehressmann connection [45, 46] ). Any manifold admitting an exact sequence of type (1) admits a N-connection structure. If V = E, a N-connection exists for any vector bundle E over a paracompact manifold M, see proof in Ref. [44] .
The geometric objects on spaces provided with N-connection structure are denoted by "bolfaced" symbols. Such objects may be defined in "Nadapted" form by considering h-and v-decompositions (2). Following conventions from [44, 23, 25, 15] , one call such objects to be d-objects (i. e. they are distinguished by the N-connection; one considers d-vectors, dforms, d-tensors, d-spinors, d-connections, ....). For instance, a d-vector is an element X of the module of the vector fields χ(V) on V, which in N-adapted form may be written
where hX (equivalently, X) is the h-component and vX (equivalently, • X) is the v-component of X.
A N-connection is characterized by its N-connection curvature (the Nijenhuis tensor) (1) .
All spinor and gerbe constructions in this paper will be performed for N-anholonomic manifolds.
Curvatures and torsions of N-anholonomic manifolds
One can be defined N-adapted linear connection and metric structures on V : 
The symbol "⌋" in (4) denotes the interior product. We shall write
For any d-connection D on a N-anholonomic manifold V, it is possible to define the curvature and torsion tensor in usual form but adapted to the Whitney sum (2):
By further h-and v-projections of (6), denoting hT T and vT 
are called respectively the h(hh)-torsion, v(vv)-torsion and so on. The formulas (A.14) in Appendix present a local proof of this Theorem.
for any X, Y ∈χ(V).
Denoting hR = R and vR = • R, by straightforward calculations, one check the properties
for any for any X, Y, Z ∈χ(V).
The proof of Theorems 2.1 and 2.2 is given for vector bundles provided with N-connection structure in Ref. [44] . Similar Theorems and respective proofs hold true for superbundles [18] , for noncommutative projective modules [15] and for N-anholonomic metric-affine spaces [13] , where there are also give the main formulas in abstract coordinate form. The formulas (A. 19 ) from Appendix consist a coordinate proof of Theorem 2.2. Definition 2.6 A metric structureg on a N-anholonomic space V is a symmetric covariant second rank tensor field which is not degenerated and of constant signature in any point u ∈ V.
In general, a metric structure is not adapted to a N-connection structure. 
for a corresponding N-connection structure.
and try to find a N-connection when
for any X, Y ∈χ(V). In local form, the equation (9) is just an algebraic equation for N = {N a i }, see formulas (A.6), (A.7) and (A.8) and related explanations in Appendix.
Definition 2.8 A d-connection D on V is said to be metric, i.e. it satisfies the metric compatibility (equivalently, metricity) conditions with a metricg and its equivalent d-metric g, if there are satisfied the conditions
Considering explicit h-and v-projecting of (10), one proves
Proposition 2.2 A d-connection D on V is metric if and only if
One holds this important In Riemannian geometry, there is a preferred linear Levi-Civita connection ∇ which is metric compatible and torsionless, i.e.
and defined by the metric structure. On a general N-anholonomic manifold V provided with a d-metric structure g = [g, • g], the Levi-Civita connection defined by this metric is not adapted to the N-connection, i. e. to the splitting (2). The h-and v-distributions are nonintegrable ones and any d-connection adapted to a such splitting contains nontrivial d-torsion coefficients. Nevertheless, one exists a minimal extension of the Levi-Civita connection to a canonical d-connection which is defined only by a metricg.
Theorem 2.4 For any d-metric
g = [g, • g] on a N-anholonomic mani- fold V, there
is a unique metric canonical d-connection D satisfying the conditions Dg =0 and with vanishing
Proof. The formulas (A.15) and (A.17) and related discussions in Appendix give a proof, in component form, of this Theorem.
The following Corollary gathers some basic information about N-anholonomic manifolds. Proof. Fixing a signature for the metric, sign η g = (±, ±, ..., ±), we introduce these values in (A.8) we get η g = η ⊕ N • η of type (8), i.e. we prove the point 1. The point 2 is to be proved by an explicit construction by considering the coefficients of η g into (A.17). This way, we get a canonical d-connection induced by the N-connection coefficients and satisfying the metricity conditions (10) . In an approach to Finsler geometry [48] , one emphasizes the constructions derived for the so- 
Examples of N-anholonomic spaces:
For corresponding parametrizations of the N-connection, d-metric and d-connection coefficients of a N-anholonomic space, it is possible to model various classes of (generalized) Lagrange, Finsler and Riemann-Cartan spaces. We briefly analyze three such nonholonomic geometric structures.
Lagrange-Finsler geometry
This class of geometries is usually defined on tangent bundles [44] but it is possible to model such structures on general N-anholonomic manifolds, in particular in (pseudo) Riemannian and Riemann-Cartan geometry if nonholonomic frames are introduced into consideration [11, 12, 13, 21] . Let us outline the first approach when the N-anholonomic manifold V is taken to be just a tangent bundle (T M,π,M ), where M is a n-dimensional base manifold, π is a surjective projection and T M is the total space. One denotes by T M = T M \{0} where {0} means the null section of map π.
We consider a differentiable fundamental Lagrange function L(x, y) defined by a map L : (x, y) ∈ T M → L(x, y) ∈ R of class C ∞ on T M and continuous on the null section 0 : M → T M of π. The values x = {x i } are local coordinates on M and (x, y) = (x i , y k ) are local coordinates on T M. For simplicity, we consider this Lagrangian to be regular, i.e. with nondegenerated Hessian
when rank |g ij | = n on T M and the left up "L" is an abstract label pointing that the values are defined by the Lagrangian L.
The notion of Lagrange space was introduced by J. Kern [49] and elaborated in details in Ref. [44] as a natural extension of Finsler geometry. It was concluded that any regular Lagrange mechanics/Finsler geometry can be geometrized/modelled as an almost Kähler space with canonical Nconnection distribution, see [44] and, for N-anholonomic Fedosov manifolds, [10] . Such approaches based on almost complex structures are related with standard sympletic geometrizations of classical mechanics and field theory, for a review of results see Ref. [46] .
For applications in optics of nonhomogeneous media [44] and gravity (see, for instance, Refs. [11, 12, 13, 9, 21] ), one considers metrics of type g ij ∼ e λ(x,y) L g ij (x, y) which can not be derived from a mechanical Lagrangian but from an effective "energy" function. In the so-called generalized Lagrange geometry, one introduced Sasaki type metrics (A.25), see the Appendix, with any general coefficients both for the metric and N-connection.
N-connections and gravity
Now we show how N-anholonomic configurations can defined in gravity theories. In this case, it is convenient to work on a general manifold V, dim V = n + m enabled with a global N-connection structure, instead of the tangent bundle T M .
For N-connection splittings of (pseudo) Riemannian-Cartan spaces of dimension (n + m) (there were also considered (pseudo) Riemannian configurations), the Lagrange and Finsler type geometries were modelled by N-anholonomic structures as exact solutions of gravitational field equations [13, 12, 17] . Inversely, all approaches to (super) string gravity theories deal with nontrivial torsion and (super) vielbein fields which under corresponding parametrizations model N-anholonomic spaces [18, 24, 26] . We summarize here some geometric properties of gravitational models with nontrivial Nanholonomic structure.
Definition 3.2 A N-anholonomic Riemann-Cartan manifold RC V is defined by a d-metric g and a metric d-connection D structures adapted to an exact sequence splitting (1) defined on this manifold.
The d-metric structure g on RC V is of type (8) and satisfies the metricity conditions (10) . With respect to a local coordinate basis, the metric g is parametrized by a generic off-diagonal metric ansatz (A.7), see Appendix. In a particular case, we can take D = D and treat the torsion T as a nonholonomic frame effect induced by nonintegrable N-splitting. For more general applications, we have to consider additional torsion components, for instance, by the so-called H-field in string gravity.
Let 
where the source Υ reflects any contributions of matter fields and corrections from, for instance, string/brane theories of gravity. In a closed physical model, the equation (12) have to be completed with equations for the matter fields, torsion contributions and so on (for instance, in the Einstein-Cartan theory one considers algebraic equations for the torsion and its source)... It should be noted here that because of nonholonomic structure of RC V, the tensor Ric(D) is not symmetric and that D [En(D)] = 0 which imposes a more sophisticate form of conservation laws on such spaces with generic "local anisotropy", see discussion in [13, 25] (this is similar with the case when the nonholonomic constraints in Lagrange mechanics modifies the definition of conservation laws). A very important class of models can be Such exact solutions (with noncommutative, algebroid, toroidal, ellipsoid, ... symmetries) have been constructed in Refs. [11, 12, 10, 15, 17, 21, 9, 13, 25] . We note that a subclass of N-anholonomic Einstein spaces was related to generic off-diagonal solutions in general relativity by such nonholonomic constraints when Ric( D) = Ric(∇) even D = ∇, where D is the canonical d-connection and ∇ is the Levi-Civita connection, see formulas (A.15) and (A.16) in Appendix and details in Ref. [21] .
A direction in modern gravity is connected to analogous gravity models when certain gravitational effects and, for instance, black hole configurations are modelled by optical and acoustic media, see a recent review or results in [50] . Following our approach on geometric unification of gravity and Lagrange regular mechanics in terms of N-anholonomic spaces, one holds [11, 12, 10, 15, 17, 21, 9, 13, 25] .
It should be noted that Theorem 3.2 states explicit conditions when the Result 3.1 holds for N-anholonomic Einstein spaces. 
Lifts of Nonholonomic Bundle Gerbes and Connections
In this section, we present an introduction into the geometry of lifts of nonholonomic bundle gerbes and related N-anholonomic modules. We define connections and curvatures for such bundle modules. This material reproduces, in the corresponding holonomic limits, certain fundamental results from [1, 2, 4, 3].
N-anholonomic bundle gerbes and their lifts

Local constructions
On N-anholonomic manifolds, one deals with nonintegrable h-and vsplitting of geometric objects, described by the so- [23, 24, 15, 25, 26, 9] which is just a couple of two usual Lie groups G and • G associated to a N-connection splitting (2). We conventionally consider a central extension of a finite dimensional of Lie dgroups G toǦ, defined by a map π :Ǧ → G such that it is defined the exact sequence 0
where Z k = Z/kZ denotes the cyclic subgroup of the circle U (1). This sequence of d-groups splits into respective horizontal component
Let us denote by U andǓ the corresponding right principal sets: the are just G andǦ but conventionally re-defined in order to consider distinguished (not mixing the h-and v-subsets) actions of G on U andǦ onǓ. We consider an equivariantǦ bundle v U U × v, where v is a d-vector space and a finite-dimensional representation ρ :Ǧ →GL(v) with theǦ actionǧ
The pull-back of the
is the set of all distinguished lifts of τ (u 1 , u 2 ) toǦ and Ψ is the Z k -principal bundle provided with a trivial N-connection (in this case, with zero Nconnection curvature). The bundle Ψ has a module theǦ-equivariant bundle v U → U. This follows from the fact that for any two pull-backs U 1 and U 2 of v U as two respective projections U × U → U one has that Ψ (u 1 ,u 2 ) ⊂Ǧ transforms the distinguished fiber in (u 1 , u 2 ) of U 1 into the corresponding one of U 2 related by the representation map ρ. Having also theǦ-equivariance, of End(v U ), we can write End(v U )/G = End(v) for distinguished endomorphysms.
Global constructions
The above presented constructions can be globalized to the case of Nanholonomic manifold V instead of the d-vector space v (the d-objects with trivial splitting can be considered for any point of V). The procedure is completely similar to that given for "holonomic" manifolds in [4] but it should be performed in a form to preserve the N-connection splitting (2). This may be achieved by applied globalizing the bundle Ψ and transforming it into a nonholonomic bundle.
Having in mind the distinguished extension (13), we replace the set U by a principal N-anholonomic G-bundle π : B → V and consider the product B × B → V instead of U × U. Like for a trivial point of U, the globalized map τ : B × B → G allows us to introduce Ψ =τ * Ǧ being the Z k -bundle over B × B which defines a lifting N-anholonomic bundle gerbe if to follow the terminology for holonomic constructions, [1] .
We can consider d-tensor objects of weight q as Ψ q -modules being nonholonomic variants of bundle gerbe modules for the N-anholonomic bundle gerbe Ψ q Ψ ⊗q . In more explicit form, we use aǦ-equivariant bundle W → B for the action ofǦ of B : The space W can be also treated as a vector bundle direct sum of Ψ qmodules, all adapted to the N-connection structure, i.e. preserving the hand v-decomposition by (2) . This allows us to concentrate the attention only to "boldfaced" Ψ q -modules carrying out all information about nonholnomic and non-trivial topological configurations. Such constructions run parallel to the usual theory of vector bundles provided with N-connection structure and in a more formalized form (unifying the approaches to gauge fields, gravity and geometrized mechanics) to N-anholonomic manifolds.
It should be noted that if W is a Ψ-module, then we get a trivial module but it can provided with a nontrivial N-connection (with nonvanishing Nconnection curvature). In such cases, one works with constructions of type E(W) = End(W)/G splitting into h-and v-subspaces and this allow us to reformulate in nonholnomic form, for N-anholonomic Ψ-modules, the main properties of such spaces formally formulated for trivial N-connection structure [51] . 
The bundle of N-adapted endomorphisms of a
3. The direct sum of two Ψ q -modules is a Ψ q -module.
The d-tensor product of a Ψ q 1 -module to a Ψ q 2 -module results in a
We omit the proof of these properties following from an explicit Cech description of the above structures in N-adapted from (dubbing the constructions from [51] for h-and v-configurations). Here we note that the elements of cohomological classes, like [e] ∈ H 3 (V, Z k ) ≃ H 2 (V, U (1)) and δ[e] ∈ H 3 (V, Z k ), are defined for N-anholonomic manifolds, see Ref. [52] for an introduction in K-theory and related cohomological calculus. This results in distinguished (by N-connection structure) K-group of the semigroup of N-anholonomic Ψ-modules. 3 
Curvatures for N-anholonomic bundle gerbe modules
For a holonomic manifold, because Z k is finite, there is a naturalǦ-equivariant flat connection f lat ∇ X on any cart from a covering of bundle v U . 
For a necessary small open subset U ⊂ V, we can identify the restriction of B to U with U × V and their restriction of W with W V . In result, we may write
for D B being a pull-back of a connection from the base U. This way, ← − D is defined as a Ψ-module d-connection if it is equivariant for the group G # = U (1) ×Ǧ /Z k with Z k ⊂ U (1) ×Ǧ parametrized as a h-and vdistinguished inclusions by anti-diagonal subroups. Such a d-connection satisfies the rule
for any function f on V and section ϕ of W where e µ and e µ are N-elongated operators (A.3) and (A.4). Let us consider two
isǦ-equivariant and belongs to the d-vector space ω 1 (B, End(W)), this follows from (15) . For any vertical to V d-vector λ, one holds λ⌋ ← − P = 0. This allows us to "divide" on G and transform ← − P into an element of ω 1 (B,E(W)), i.e. by such N-adapted distorsions we are able to generate all Ψ q -module d-connections starting from (14) . In result, we proved The d-connection (14) is defined by a N-adapted tensor product. This extends to a straightforward proof of a corresponding result for curvature: 
In order to define the (twisted) Chern character it is enough to have the data for a Ψ-module d-connection ← − D and its descendent curvature ← − R [51, 4] . For N-anholonomic configurations, the constructions depend on the fact if there N-anholonomic manifold is provided or not with a d-metric structure.
Definition 4.2 The (twisted and nonholonomic) Chern character of a Ψ qmodule is defined by the curvature of d-connection
← − D induced by the Nconnection structure, The set of exact solutions with generic off-diagonal metrics, nonholnomic frames and various type of local anisotropy, noncommutative and/or Lie algebroid symmetries constructed in Refs. [11, 12, 10, 15, 17, 21, 9, 13, 25] can be globalized for gerbe configurations with nontrivial N-connection structure, i.e. one holds (16) . This character is computed by using the curvature ← − R induced by the curvature (7) defined by the N-connection N, d-metric g (8) and the canonical d-connection D.
Result 4.2 The geometric objects for a N-anholonomic Riemann-Cartan manifold RC V can be globalized to N-anholonomic gerbe configurations and characterized by the corresponding (twisted-anholonomic) Chern character
Finally, in this section, we conclude that the last two Results state new types of (topological) symmetries and a new classification of regular Lagrange systems, Finsler spaces and Einstein-Cartan spaces provided with N-connection structure.
Nonholonomic Clifford Gerbes and Modules
This section presents a development of the geometry of N-anholonomic manifolds and related nonholonomic Clifford and Dirac structures [23, 24, 15] . The reader may consult Refs. [25, 26, 9] for local component representations of the results and related local calculus and proofs.
Clifford d-algebras and N-anholonomic bundles
This work states an explicit example of generalized spinor constructions by considering in sequence (13) the d-groups G = Spin(n+m) andǦ = SO (n + m) where the boldfaced d-groups split respectively into h-and vcomponents Spin(n + m) = {Spin(n), Spin(m)} and SO(n + m) = {SO(n), SO(m)}. One get the central extension
splitting into respective h-and v-components,
Let us consider two real vector spaces v and • v of dimension n and m each provided with positive defined scalar products and defining a d-vector space v = v ⊕ • v. We denote by C(v) and C( • v) the corresponding Z 2 graded Clifford algebras defining a Clifford d-algebra
The splitting ± is related to the chirality operator γ = ± on C ± . A hermitian We can identify
supposing that such maps are h-and v-split and commute with the action of C(v).
We take the bundle B from section 4.1.2 to be the bundle of N-adapted orthogonal frames (see Proposition 2.1) on T V. In the spin case, the construction ofǦ # is that for the d-group Spin c (n + m) considered in [23, 24, 15, 26] for spin N-anholonomic manifolds, when Ψ is a trivial Z 2 Nanholonomic bundle gerbe and spin-c when Ψ c is a trivial U (1) bundle gerbe provided with N-connection stucture. We can consider half-spin representations S ± of Spin(n) and • S ± of Spin (m) and introduce the d-spin representations The above mentioned spin constructions have a straightforward extension to even-dimensional oriented N-anholomic Riemann-Cartan manifolds (this holds always for oriented Lagrange-Finsler spaces), denoted V 2n . One introduces the N-anholonomic bundle of complex Clifford d-algebras [15] of T * V 2n and consider the Clifford distinguished map (multiplication) c :
Definition 5.3 A N-anholonomic Clifford module (in brief, Clifford d-module) is a complex Z 2 -graded hermitian N-anholonomic vector bundle
and that the sub-bundles E + and • E + are respectively orthogonal to E − and • E − .
We consider the spin-bundle N-anholonomic gerbe Ψ from Definition 5.1 and the pull-back of E to B, denoted E B = π −1 (E), where π : B → V 2n is the bundle of N-adapted frames on V 2n . In any point b ∈ B, there is an isomorphism transforming (E B ) p into C(R n+m ) Clifford d-module. We
p with the homomorphisms defined on C(R n+m ). The construction can be globalized, E B = S ⊗ v C . The action of Spin(n + m) on S induces also an action E B and transforms it into a N-anholonomic Ψ −1 -module. In result, we proved 
This theorem generalizes for N-anholonomic spaces some similar results given in [53, 4] . For spin N-anholonomic manifolds V 2n considered in [23, 24, 15, 26] , we have that every Clifford d-module is a d-tensor product of an N-anholonomic spin bundle with an arbitrary bundle.
N-anholonomic Dirac operators and gerbes
The index topological formula for holonomic Dirac operators
Let us remember the Atiyah-Singer index topological formula for the Dirac operator [54, 55] :
where the compact M is an oriented even dimensional spin manifold with spin-bundles S ± and Γ is a unitary connection on the vector bundle W, see details on definitions and denotations in Ref. [53] (below, we shall give details for N-anholonomic configurations). In this formula, we use the genus of the manifold 
This Dirac operator can be introduced for non-spin manifolds even itself this object is not well defined. In a formal way, we can induce the Dirac operator as a compatible connection on E = E + ⊕ E − treated as a Clifford module with multiplication extended to act as the identity on W.
For non-spin manifolds, one exists an index formula for Dirac operators defined on hermitian Clifford modules E,
which, if M is spin and E ± S ± ⊗ W, the relative Chern character ch(E/S) reduces to the Chern character of W, i.e. to ch(W ). We note that one may be not possible to define a canonical trivialization of M but it is supposed that one exist a canonical no were vanishing (volume) density [M ] which allows us to perform the integration. This always holds for the Riemannian manifolds. The aim of next section is to prove that formulas (18) and (19) can be correspondingly generalized for N-anholonomic manifolds provided with d-metric and d-connection structures.
Twisted nonnholonomic Dirac operators on Clifford gerbes
Let us go to the Definition 5.1 of the spin-bundle N-anholonomic gerbe Ψ derived for an N-anholonmic manifold V. The Clifford multiplication is parametrized by N-adapted maps between such Ψ-modules,
where R n+m B = π * T V is the bull-back to the N-adapted frame bundle from the tangent bundle T V with R n and R m being the fundamental representations, respectively, of SO(n) and SO(m) defining the d-group SO(n + m). Any d-connection on V defines a canonical d-connection inducing a standard d-connection on the bundle of N-adapted frames B. 
Definition 5.4 The N-anholonomic (twisted) Dirac operator is defined:
If V is a spin manifold, than the operators from Definition 5.4 descend to V and with a local decomposition E V = S V ⊗ W V . Let us consider an N-anholonomic Clifford module E for C(V) for which there is a d-connection A D induced by the canonical d-connection D and acting following the rule
A Dλ for any 1-form ω on V and λ ∈C ∞ (V, E). This action preserves the global decomposition (2). We may associate to A D a Dirac d-operator ← − D by using the sequence
This sequence splits also in h-and v-components. Because the Clifford multiplication by T * V results in two distinguished odd parts of C(V), we get an odd operator
acting in distinguished form on h-and v-components, 
Main result and concluding remarks
The material of previous section 5.2.2 consists the proof of 
where the genus
is determined by the curvature R of the canonical d-connection D.
This theorem can be stated for certain particular cases of Lagrange, or Finsler, geometries and their spinor formulation, for instance, with the aim to locally anisotropic generalization of the so-called C-spaces [56, 57] which will present topological characteristics derived from a fundamental Lagrange (or Finsler) function or, in a new fashion, for non-spin C-gerbes associated to nonholonomic gravitational and spinor interactions. The Main Result of this work can be also applied for topological classification of new types of globalized exact solutions defining nonholonomic gravitational and matter field configurations [11, 12, 10, 15, 17, 21, 9, 13, 25] .
A Some Local Formulas from N-Connection Geometry
In this Appendix, we present some component formulas and equations defining the local geometry of N-anholonomic spaces, see details in Refs. [13, 15, 21, 44] .
Locally, a N-connection, see Definition 2.1, is stated by its coefficients
where the local coordinates (in general, abstract ones both for holonomic and nonholonomic variables) are split in the form u = (x, y), or u α = x i , y a , where i, j, k, . . . = 1, 2, . . . , n and a, b, c, . . . = n + 1, n + 2, . . . , n + m when ∂ i = ∂/∂x i and ∂ a = ∂/∂y a . The well known class of linear connections consists on a particular subclass with the coefficients being linear on y a , i.e., N a i (u) = Γ a bj (x)y b . An explicit local calculus allows us to write the N-connection curvature (3) in the form
with the N-connection curvature coefficients
and the dual frame (coframe) structure
The vielbeins (A. 
Let us consider metric structurȇ
defined with respect to a local coordinate basis du α = dx i , dy a by coefficients
In general, such a metric (A.7) is generic off-diagonal, i.e. it can not be diagonalized by any coordinate transforms and that N a i (u) are any general functions. The condition (9), for X → e i and • Y → • e a , transform intȏ g(e i ,
• e a ) = 0, equivalently
where g ia g(∂/∂x i , ∂/∂y a ), which allows us to define in a unique form the coefficients N b i = h ab g ia where h ab is inverse to h ab . We can write the metricg with ansatz (A.7) in equivalent form, as a d-metric adapted to a N-connection structure, see Definition 2.7,
where g ij g (e i , e j ) and h ab g ( • e a , • e b ) and the vielbeins e α and e α are respectively of type (A.3) and (A.4).
We can say that the metricg (A.6) is equivalently transformed into (A.8) by performing a frame (vielbein) transform e α = e α α ∂ α and e β = e β β du β . 4 One preserves a relation to our previous denotations [23, 24] if we consider that eν = (ei, ea) and e µ = (e i , e a ) are, respectively, the former δν = δ/∂u ν = (δi, ∂a) and δ µ = δu µ = (d i , δ a ); we emphasize that operators (A.3) and (A.4) define, correspondingly, the "N-elongated" partial derivatives and differentials which are convenient for calculations on N-anholonomic manifolds.
with coefficients
being linear on N a i . We can consider that a N-anholonomic manifold V provided with metric structureg (A.6) (equivalently, with d-metric (A.8)) is a special type of a manifold provided with a global splitting into conventional "horizontal" and "vertical" subspaces (2) induced by the "off-diagonal" terms N b i (u) and a prescribed type of nonholonomic frame structure (A.5). A d-connection, see Definition 2.3, splits into h-and v-covariant deriva-
and • D c = C i jk , C a bc are correspondingly introduced as h-and v-parametrizations of (A.11),
The simplest way to perform a local covariant calculus by applying dconnections is to use N-adapted differential forms like Γ α β = Γ α βγ e γ with the coefficients defined with respect to (A.4) and (A. where "⌋" denotes the interior product. This allows us to define in local form the torsion (5) T = {T α }, where .12) and curvature (7) R = {R α β }, where
The d-torsions components of a d-connection D, see Theorem 2.1, are computed
(A.14)
For instance, T i jk and T a bc are respectively the coefficients of the h(hh)-
The Levi-Civita linear connection ∇ = { ∇ Γ α βγ }, with vanishing both torsion and nonmetricity ∇g = 0, is not adapted to the global splitting (2) . There is a preferred, canonical satisfies the conditions of the mentioned Theorem. It should be noted that, in general, the components T i ja , T a ji and T a bi are not zero. This is an anholonomic frame (or, equivalently, off-diagonal metric) effect. With respect to the N-adapted frames, the coefficients Γ In some approaches to Finsler geometry [48] , one uses the so-called Contracting respectively the components of (A. 19) , one proves The Ricci tensor R αβ R τ αβτ is characterized by h-v-components, i.e. d-tensors, 
